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Introduction

The reinforced shell has become ove of the principal structural
membears in thosc applications where the maximum in high strenglh and
low weight is desired, Iowever, the intzjoduction of the stiffeners,
whether they be of the rib type or laminates, introduces add nal
complexities into the already complex field of classical thin shell
analysis.

The ability to predict the cffccts of the shell reinforcement ha
become one of the vital preoblems in evaluating shell strength character-

i
{

stics, There is no known exact method of analyzing the rceinforcernents,
However in general, the various assumptions and approzximations made in
regard to the reinforcement and its action on the shell lead fo a2 solvable
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system of equations whose solutions predict the behavior of the shell within
tolerable limits

Normally, in the analysic of a reinforced shell, the spocific con-
figuration and mechanisin of the reinforcement is taken into account during

the development of the shell cquations, As a conscguence, the resulling

18 arve apprapriate to only those types of reinforcernents
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which satisfy the assumptions meade during the development of the cquations
Since most shell equations arc programumed for use on a computer, the
resulting program for the reinforced shell is also subject to the same
restrictions as the analysis,

Pecause a reinforced shell usuvally exhibits directional strenoth

properties and hence behaves in a manner similar to an unreinforced

f

orthotropic shell, the former structure is {eymoed @ structurally orthotropic



shell while the latter an intrinsically cethotyopic shell, The similarity

in the behavior of the strength cliaracteristics sugpests that the analysis
of the reinforced shell may be approximated by the analysis of an
intrinsically orthotropic shell posscssing the same geometiry and

external leading.

The advantage in analyzing the intrinsically orthotropic shell lies
in the fact that this shell does not possess the discontinuities that are
introduced by stiffeners. Thus the techniques and assumptions employed
in classical isotropic shell ana2lysis may be utilized in deriving the
orthotropic shell equations. Morve importantly, the effects of the stifieners
now manifest themsclves solely in the orthotroepic clastic constants, Since
these quantities in furn appear as constant cocfficients in the shell
differcntial equations, it is obvious that the intrinsically orthotropic shell
and hence the equivalent structurally orthotropic shell may be analyzed
and the cquations programmed without ever stating the velue cf the elastic
constants or, equivalently, the type of stiffencrs involved, Thus one
single program, that for the intvinsically orthotropic shell, can account
for a large class cof stiffened shells,

In allowing an intrinsically orthotropic shell to represent a stiffened
shell, the problem of a detailed analysis of the stifieners is cirvcumvented
in the derivation of the shell equations. However, ultimately there docs
arisc the problemn of relating the propertics of the stiffencers to the ortho-
tropic elastic constants so that the intrinsically and structurally orthotropic

1

shells will behave in a similar manner, This relation is termed a
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cornpliance of the c¢lastic constants to the shell reinforcemaents and the
rational means of its determination and solution arce the primaery concern

.
ki

of the rescarch grant,

Procedure

T

he clastic constant compliance analysis of a structurally ortho-
tropic shell requires three major areas of rescarch., These areas arc
given as:

1. Conventional analysis of reinforced shells

2. Analysis of intrinsically anisoiropic shells

3. Analysis of the compliance between anisotupic elastic constants

and reinforcements

1. Conventional Analysis of Reinforced Shells

The first arca of rescarch analyzes the various conventional methods
of dealing with reinforced shells., Such methods consist of a detailed
analysis of the stiffeners and their effects on the shell differcntial equations.
The iimportance of this area in regard to the present rescarch effort is
twofold.

First, it provides experimentally verifiable numerical values of
stresses and displacements for various shell and stiffener configurations.
Thus corresponding results found for similar shell and stiffener configura-
tions by means of the compliance mcthod can be checked for accuracy.

Secondly, this area of rescarch provides the basis for the various
assummptions made in regard to the stiffeners and their contribution to the

shell strength characteristics. It has never been suggestied that the

conventionnl mothods of analyzing reinforced shells yield results that will



be inferior in accuracy to those found by the compliance method, Hence,
many ol the simplifying assuinptions and approximations found in
conventional shell stiffener analysis will be utilized in the comnliance
mecthod of analysis.

2. Analysis of Intrinsically Anisotropic Shells

The second area of rescarch deals with the analysis of intrinsically
anisotropic shells, The term anisotropy rather than orthotropy is being
utilized in that the rescarch ciforts cover not only orthotropic but also
planc anisotropic clastic properties. Since the compliance method is
bascd on the substitution of an intrinsically anisotropic unstificned shell
for a reinforced one, this area of investigation is responsible for the
development of the shell differential equations.

The degree to which the behavior of the reinforced shell is
approximated depends greatly on the choice of the intrinsically aniso-
tropic shell model. Now first order shell theory, wherein the direct
effects the transverse shear strains and stresscs may be neglected,
usually suffices for the conventional analysis of reinforced shells. In
dealing with the intrinsically anisotropic model, the coefficients of the
differential terms occurring in the shell differential equations are involved
with the elastic constants. Decause of the anisotropy, the magnitudes
of these constant terms differ {rom their corresponding values in the
isotropic case. MHence differential equation terms which normally may
be ncglected in isotropic first order shell theory may be significant in

their contributions in anisotropic first order theory.



In order to determine the eficcts of anjsotropy on first order shell

theory, three separate investigations of the intrinsically anisoiropic shell
cquations arc prescnted.  Thesce investigations are as follows:

a. Conventional first order analysis where the effects of

transversc shear stresses, strains and normal stresses
normal to the surfacce are ncglected

b. Second order analysis whercin the effects of transverse

shear are explicitly incorporated into the shell equations

c. IElasticity analysis whercin all effccets due to continuous

media deformation are incorporated into the shell equations.

Bach of the 'i.nvcsiiga‘i'ions attemptls to answer specific questions
regaraing the role of anisotropy in shell theory.,

The first investigation determines the form of the conventional {irst
order anisotropic shell eguations.  Thus the effccts of directional
dependence on the differential terms occurrving in the shell cquations are
discerned. This investigation also clarifies which, if any, additional
differential ferms arvise over thosce found in isotropic {irst order theory.

The second investigation determines the explicit effects of transverse
shear on the shell eguations. In isotropic analysis, it is shown that
consideration of these effects leads to the inclusion of differential terms
which are small in comparison with the romnaining terms of the dificrential
cquations. However, when dealing with the anisotropic shell, the inter-
play of the elastic consiants may cause these very same termes to be larger
)

and henece significant, In particular, the sccond order transversce shear
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terms of firetl order isotropic shell theory may become first order
terms of anisotropic shell theory,

The third investigation is uscad primarily to delermine houndary
effects in the vicinity of edge shear Joads., Since the clasticity fornula-
tion is less restrictive in assumplions than cither first ov sccond order
shell theory, the results of this arca of investigation also serve as a

check on the results of the first {two arcas.
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The investigation of intrinsically anisotropic shells covers not

only orthotropy butl also plane anisotropy of the elastic constants., Onc

advantage in utilizing the latter condition is that it represents fhe more

general of the two cascs. Further, plane anisotropy allows & coupling to
cxist between the noxwmal strains and shear siresses, a coudition which is
not present in orthotropy or isofropy.

1

Although a compliance will he sought between orthotyopic elastic

constants and stiffeners, there is no guaranice that all stiffeners can be

represented by cquivalent orthotropy. In fact, non~symumicivical

4 1

stiffenere will result in a coupling c¢ffcct between the extension and fwist

of @ shell, Such a shell,therefore, behaves as one coinposaed of a plane
anisotropic material whercin coupling cxisis belween the normal and

shear strains. Hence, in order to account for »su(zh stiffencr configurations,
the planc anisotropic analysis for shells is investigated. Further, there
still cuists some question as to whether a syinmetrically stiffened shell

showld not be treated as plane anisotropic, especizlly when such a shell

is subjected to non~symmetrical londing.



3, Analysis of the Cornpli

slwecen Ani sotropic Plastic (\mnm'auz(s

end Reinforcements
The thivd arca of rescarch is concerned with compliance studies and
hence is responsible for the determination of the relations between the

elastic constants and stiffeners of the intrinsically and structurally aniso-

tropic shells, In order to cffect a compliance, some criterion must be

stated for the egualily of the two shells, Although any criterion adopted
maust yield approximately the sarne results as an alternate criterion, the
fact is that some criteria arce wore amenable to aralytic treatment than
others. The three criteria that arce investigated are as follows:

a. Hquality of stress resultants

b. Eguality of cquation coefficients

c.  Equality of sirain encrgy.

4 M

Fach of the threo critevia posscss advantages. Thus, the cguality

of stress resuliants for the intrinsically and structurally anisotropic shells

]

is the simplest to apply but leads to severe problems when the shell is not
syrmmetrically loaded. The cquality of equation cocfficients is the mnost
accurate in that it ensurcs equality of the difierentianl equations for the
two shells and hence equality for the two solutions. The equality of strain
energies posscsses the greatest analytical advantages when the shell is
not syrmmetrically loaded, 1t also is especially advantageous in resolving

the stifiener effects for bending and membrane stresscs,
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Resulls

The results to be reported cover the three major arcas of
rescarch described in Section 1. A considerable portion of the work
is incorporated in doctoral disscrtations and masters theses, Rather
than reproduce the details found in these works, only the conclusions and
salient fertures of the analyses will be given, the assumption being that
if more detailed information is desived, the appropriate work can he
obtained from Texas A&M University. Further, many of the theses
and disscrtations are being abstracted for publication and hence a sccond
source of these works should be available,

A number of scparate investigations have heen made within the

o m—
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major arveas of rescarch. A summary of these investigations and their

appropriate arca of research arce given as follows:

1, Conventional Analysis of Reinforced Shells
) y €12k .

1
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a, ILiteraturc survey and cvaluation of stiffencd plate analysis
b. Analysis of meridionally and longitudinally rib stiffened shells

of revolution subjected to axially symmetric loadings,

2. Analysis of Intrinsically Anisctropic Shells

a. Development of conventional first order orthotropic displace-
ment equations for shallow and non-shallow shells,

b. Dectermination of the effects of transverse shear on the ortho-
tropic shell cquations

c. Elasticity solutions for isotropic and orthotropic shells of

revolution subjected to symmetrical loading.



d.Amalysis of symmmetrically loaded orthotropic shells of
revolution by means of the matriz-displacemeaent method,

.  Analysis of Sanders' type displacement cquations for plane
anisofropic shells of revolution.

setween Anisotlropic Klastic Constants

3. Analysis of the Compliance

and Reinforcements

a. General compliances by miecans of cquality of stress resultants

b.  Compliance analysis for a rib stiffencd shallow cylindrica)
panel by means of an encergy criterion.

A detailed discussion of the various topics follows:

la., Literaturc Survey and Evaluation of Stiffencd Plate Analysis

The stiffened plate has been used more extensively as a structural
member than the stiffened shell,  As a consequence, a body of literature
has accumulated dealing with the detailed anzlysis of plate stiffeners. Since
a plate is a specialized case of a shell and since many of the principles
clucidated in the analysis of reinforced plates are dircctly applicable to
reinfocced shell analysis, it was belicved that a survey study of stiffencd
plate anslysis would be advaniageous o the project.  Such a gtudy has been

3 )
made and used as the basis of & Master of Science thesis (1),

One of the principal results of the plate survey was to note {hat the

usc of an intrinsically orthotropic plate to predict the behavior of &

structurally orthotropic one had been investigated in some detail,  The

1
Numbers in parenthesis refer to references given at the end of the report.
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works of Dow (2) Witt (3) and Hoppmann (4) demonstrated analytically
and experimentally that the intrinsically orthotropic plete with suitebly
defined elastic consiants woes an acceptable model for the corresponding
reinforced plate, 1luff{ington {5), (6), (7) furiher demonstrated that it was
possible to derive a gencral compliance formula for the elastic constants

which would account for the majority of rib-sti{fencd plates
y

b Structurally Orthotropic Shells of Revolution

The matrix displacement method is used to analyze structurally
orthoiropic shells of revolution under hoth axisymnetric and asymmetiric
loading (8). Ioth meridional and civcumferential rib stiffeners are
considered in the analysis. In carrying out the solution the technigues
described under "Intrinsically Ordlotroplc Shells of Revolution, ' are
used, The only change necessary is in the calceulation of the strain encergy.
The strain energy values of the ribs are simply added to the sirain energy
of the unstiffened shell,

The stiffencrs are assumed to be closely and uniformly distributed
over the clement so that the contribution o the sirain encrgy {rom the
stiffeners may be computed on the basis of beam propertics per unit lengtlh,
The centroidal axes of the stiffencrs are not requived to lic on the middle

surface of the shell,  This cccentricity is incorporated by exproessing the

i

strain displacement rcelationships of the stiffencrs as functions of the
middle surface of the shell, 1t is assumed that plance sections romain plane,
Numerical examples were compared to known solutions,  Good agicement

1

was obtaincd jun all crses,
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Shell Tgquations

Conventional small displacement lincar clastic shell theovy is
referred to as fivst order shell analysis, The basces of this analysis arc
the Kirchoff hypotheses which are given as follows:

(i) Line scgments initially normal to the shell middle surface

remain so after deformation.

(ii) Normal stresses normal to the shell middle surface may be

neglected in comparison with the in-plane stresses.
(iii) A line scgment normal to the shell middle surface suffers
neither extension nor contraction.

Varicus isotropic formulations of the shell equations arc given on the

1
basis of the above assumptions. Though the formulations may differ from
each other, the differences in cither the structure of the equations or the

. -y L £
numerical accuracy does not exceed an order of magnitude equal to (K& ).
However, the inherent error in the use of the Kirchoff hypotheses is at
least of order ( k& ) @and hence the variations in thce various formulations
cecases to be of importance. In fact, first order shell thecory may be
characterized by the fact that all terims of order ( R(C> in comparison to
unily may be neglected.

In dealing with an orthotropic material, there existed some
question as to whether the interplay of material constants would not alter
he structure of the shell equations. Inm order to answer the question, a
the struct f the shell cquat In order to answer the question, a
[irst order orvthotropic formulation of the she quations was derived.
{first d thotroy { lation of the shell equations was d ed
The resuliing cquations were presonted in displaceinent rather than
Il Iing cquat presented displacement rather tha

stress resultent form and further, were shnplified so as to be applicable



to a shell whercin the transverse shear sivess resultants could be
neglected in the {first two cquilibrivm equations.  Thus the equations
werce applicable 1o right circular cylindrical shells and to shallow shells.
The principal results of the investigation were two in numbe
First, the structurce of the orthotropic equations was the same as for the
corresponding isotropic ones. Second, a set of displacement equations
for an orthotropic material were made available and to which ultimately
compliance results would be applicd in order to delermine deflections
for stiifened cylindrical and shallow shells.
The resulting cquations and notations arc given as follows:
a. Hooke's Law for an orthotropic material
For an orthotropic material, the gencralized Hooke's Law
may be written as the following:

Cow Qy Oy + Oz &

fl
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The quantities "(A&j "arc the elastic constants of the material
and posscss diagonal synunetry, that is
ST - (’i.
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b, Notation

e [: Privcipal curvilincar coordinates of shell middle
’ surfoce
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Displacement Equations

Tame surface parameters of the middle surface
Shell thickness

Principal curv: ttures of the surfacc

Components of the displacement vector of the
middle surface

Components of external load per unit middle
surfacc area

Curvature changes of the middlc surface
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Mean surface curvaturc (“”‘””{"' =)

Gaussian curvature

N



Qv AD *.m ;

(0 Cer-Q. 7Y 3B A3

+ (G0 L-— ABRw w L B [ L s’f\filj) ()]
(()‘HG” -~ Liy) ) AL D [ ({EEL St C}:I-); o {

+ __K O..L N— 3 <~_. } et (Q‘“ .4.-3‘;@} A ,’I\/a.«;g éi_l;’
m._(,Qq 3&2.5,,::_,_% LZ).__.‘:‘Q__ (3 '[,S

(O =G _ L.
(CX n(fx’r:z “Qs": AB

T+ (\kn rQ.z) s

(“HQJ~C{»¢) Q\'*“"

IR NI ST .

ot e O

(O\uC{‘:a .- CﬁnZ“) C\t)w




=~
l

+CA "’"/!'(‘:f I 0

’lf.:

S W e e
= _( AbYaL \‘&_‘/

z
In the above equation, the clliptic operator Ve is defined as
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d.  Constitutive Fquations

The stress resultant deformation relations are given as:
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20, Determination of the Tiffects of Transverse Shear on the Orthotropic

Shell qulf‘-.‘ri'(n‘ls-:~

The effect of transverse shear deformation on stressces and deflec-

tions in thin shells of revolution was investicated by considering several
NS} (&)

particular types of shells (9). First and second approximation solutions

4

with and without transverse shear deformation were derived and a
numerical solution was obtained for a semi-infinite circular cylindrical
shell, First approximation solutions with and without transverse shc,:ar
deformation were determined for spherical shells and indicated for
ellipsoidal shells of revolution,
As a result of the above work, the following conclusions were made:
(i) From an engincering point of view, transverse shear

deforinations may be neglected in analyzing thin shells of

revolution,



(ii) Frow an chgincering point of vicw, sccond approximation
theories appear to offer no advantages over {irst approximation
theorics for analyzing thin shells of revolution.

2c. Clasticity Solutions for lsotropic and Ortholropic Shells of

Revolution Subjccted to Symimetrical Loadinge
PR, L3 - e [

A system of three-dimensional partial differential equations in
terims of displacements referenced to curvilinear coordinates was
developed to describe the behavior of an orthotropic shell with
arbitrary loadings and boundary conditions (10). The system of
cquations represent a generalization of the isotropic Navier clasticity

equations and are exact within the lirmitations of assumed small dig-

placeiments and linear s{ress-strain relations,

The three-dimensional systent was then reduced to the axi-
symimmetric case which describes the behavior of a symmetrically loaded,
isotropic shell of revolution with symmetrical boundary conditions. The
resulting two--dimensional system of equations was numerically
approximated by the mothod of divided differences and the resulting
equations were solved by matrix inversion,

2d. Intrinsically Orthotropic Shells of Revolution

The matrix displacement method is used to analyze intrinsically
orthotropic shells of revolution under both axisymmetric and
asymmeltric loading (8). The gencric element used in the analysis is
that of an axisymmetric shell segment in which the angle between the

axis of revolution and the tangent to the meridian at any point on the



scegment is described as a quadratic in the meridional coordinate. The
deformation of the shell can then be approximated by three lincar dis-
placement components and a rotation along cach nodal® circle by using
suitable displacement functions. The displacement functions were
chosen such that the two conditions required by the matrix displacement
'D'l(".ﬂ}Od., which may be considered as an application of the Rayleigh-
Ritz mecthod to discrete clements within a structure, were satisfied,
Thesc conditions are

(i) fhe geometric boundary conditions between elements

should be satisfied,

(it) The displacement functions should be the lower order

The two-~dimensional problem created by the asyimmeliric loadinegs
} ) o
may be reduced essentially to a one-dimensional problem if the loads
and deflections are exnressced as a Fourier series in the circumferentia

t
1

metlric

)
O

dircction. The displacement functions used are Fouvier trigon
serics in the theta direction with coefficients which are polynemials in
the meridional coordinate , S, The meridional displacement was &

cubic function of S, and ihe tangential and normal displacements were

linear functions of S,

Fhhe term "node' is used to designate the edge of an clernent,
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The cquations of cguilibrium are obiained from the application
of the principle of minimum potential encrgy.

Since the infernal energy and external potential energy are not coupled,
ecach harmonic of loading can be handlced independently and the final solu-
tion considered as the sumn of partial solutions.

In order to perform the calculations necessary to obtain solutions,
a computer program was written in FORTRAN IV for the IBDM 7094.

The program is composced of the main program, 13 subroutines, and
one function subprogram. The purpose of the program is to produce,
for cach harmonic, the displacements, rcactions, and stress resultants
of nodal points given the loading, geomectry, and nodal Jocations, The
program was used to compare a Jarge number of example problaems with
other solutions that are considered to be accurate., The comparisons
were excellent.

Ze.  Analysis of Sander's Type Displacement Eguations for Plane

Anisotropic Shells of Revolution

When dealing with an orthotropic material, the resulting shell
diffcrential equations were of the same mathematical structure as had
been cncountered for an isotropic material, In order to determine the
effeccte of anisotropy on {irst order shell theory and still have a relatively
simple model, a plane anisotropic material has been hypothesized
wherein the effects of in-plane shear affcct the in-plane normal strains,

For such a material, the gencralized Hooke's Law was given as
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Although the first order shell theory stress resultant cquations
are morc {requently encounterced than the corresponding displacement
cguations, the latter posscss certain advantages over the {ormer.

To begin with, the number of equations arce reduced to only three,
secondly, the compatibility cquations are identically satisfied, and
thirdly, the boundary conditions are simvle to state, However, the
disadvantages of the displacement formulation arce equally strong. Thus,
the order of derivatives is usuazlly higher than for the slress resultant
formulation and most importantly, the simplification of the eguations by
means of the Kirchoff criteria is involved., This last disadvantage of
the displecement cquations is the chicf reason for the displacement
formulation beivg relegated to shallow and cylindrical shells,

The Kirchoff ¢rror criteria of (,’{ \( )is derived on the basis of
strain of stress resvliant argumenis, Hence in simplifying the first

order shell cquations, strains and strosses of order | I(C,C )in



parisoy Lo unity Ry be Nne plecte A without intr ocucing @ dd’nﬂi_(mal
Now s showi

jua tion forinulations.

Ly 9]

strains 117

corn

errors in the ghell ef 1T

1ated 1O disp}.acerncm.rz by means of diﬁercm,ia] opera,t.ors, How-
As a shell is

to he ¥
ins.

11 displa coments are related tO stra
g acquir® gtralh,

ever, not &
subj(:ctod to load, ot only docs it geforim and thu
e and thus 1ocally acquire rigic body

put it also may yotate and franslat
latler qua,mitics arc also related o the disP]_acem_cms
wlting displacenlent

moiions. These
py means of di{{eyomia]. opera,tors. Thus, the res
of a point in & ghell 18 composcd of the effccts due to the sirain and

the rigid body motions of that point.
{ strain docs not agsure the gallness of rigid
of the ahell,

allnes® ©F
ge ometyy

The sm

body motiong. Depending on the end fixilty and the
the rigid body motions WY be an order of m&gnixude Jarper than the
he dispkacenncnt fexms invo‘xved with rigid

quencs; 1
ger than ithe

giraings. As @ consde
also MAY ve an 0r0CY of ynagnitit
girain ¢ Ly S10MH.

ations

body motions
cOTY ceponding di.sph\,comcnt forms 'uwolved 1y Le
in df\splaccment form, there ayises
due to girains

1 stating he shell cqu
{he problenm of d(zteymini,ng that poriion of the dis.p}accnlem
and the povtion due 1o the rigid body motions. This geparation is
importan‘g if the irchoff crror criterid is to be used in the gimplificar
tion of the equations since the criteria is applica_ble only to that portion
of the difsplacm’nent due to gtrain. HowoveTs it is virtually impos sible
to formm guch @ soparation of the displzzccmcntsﬁ in the convcnﬁonal first

0 possiblu nhcrernati\res resuite

Loy

o and haence Lw

order shell cquntion



The first alternative is to simplify all displacement componcents
by means of the Rircholf error criteria. Such a procedure is tanta-
mount to assuming that local rigid body motions are of the sazme ordexr
of magnitude as the strains, an assumption justified for shallow shells
and for certain end restraints. The second alternative is to not
simplify the displacement equations and thus allow tecrms of order

2 . - . .
( /{g )" to exist, Though the latter alternative is the more general,
the resulting equations become much more difficult to solve than the
equations of the first alternative,

There exists yet a third alternative and one which has been
adopted for the research reported in this section. This alternative is
based on Sander's theory (11) wherein the first order shell equat:i‘.ons are
derived in a manner such that the displacement components are devoid
of local rigid body motions. Thus, the resulting displacement equations
may be simplified by the Kirchoff error criteria without introducing
the restrictions or complications noted in the previous paragraph,

Sanders cquations for first order shell theory as found in the
literature were siated in stress resultant form., However, a displace-
ment formulation was desired and hence a separate development had to
be performed. The resulting displacement cquations were then
simplificd so as to be applicable to bodies of revolution sub’ected to
axially symimetrical loadings. However, unlike the isotropic or ortho-
tropic case, the equations did not reduce to the conventional first order

forrmnulation. The primary cause for this nonconvergence was the shear



coupling found between the normal and shear strains in a plane aniso-
tropic material,

In order to have maintained symmetry in the shc]“l problem under
discussion, three conditions had to be satisfied, IMirst, the loads had
to be symmetrical, second, the geometry had to posscss symmetry,
‘and third the constitutive equations also had to possess symmetry of
deformation, The inclusion of the shear coupling destroyed the symmetry
of deformations on the constitutive equations and hence also destroyed
the symmmetry of the problem. The net result was the necessity of
including the circumlerential displacement component, a ferm not
found in cither the isotropic or orthotropic formulations of the same
equations, .

The details of the development of the Sander's type displacement
equation for a plane anisotropic material are contained in a doctoral
dissertation (12). In addition to the derivation of the equations, an
analytical solution is given for a right circular cylindrical shell subjected
to a symmetrical cdge loading. Pecause of the plane anisotropy and the
conscquent Joss of syrmmetry, the circumnferential displacement terms
arc contained in the eguations and these terms are directly responsible
for a phenomena not previously noted and not present in cither an iso-
tropic or orthotropic material., That is, the form of soluiion for the
right circular cylindrical shell is dependent upon the degrec of planc
anisofropy as judged by the magnitude of the clastic constants Qi and

8. in comparison to the other constants., IFurther, for ceritain ratios

of the c¢lastic constants, the shell evidences an instability in diegplacements



W]
x
N

independent of loading.

The last result is so striking that ai the present time all that can
be said is that this conclusion is logically derived from the equations.
At the present time, a paper is being prepared for publication in order
to have critical reviews of the work. If the rcviews prove favorable,

a limited testing program will be inaugurated to verify the results

experimentally,

3a.  General Compliances by Means of Eqguality of Stress Resultants

The stress strain relations for an intrinsically orthotropic material

arc given as;

e&rc( = C‘L 1 G;« - O; iz 6,2*,‘3 -+~ Q 73 Cr&r &

Crs = Oplix + OpnCip + Oz Cr
evy = Q30+t Qe Tp * Oz %0
e{ﬁv = O\f.-»q. G}w
Qoy = 03 55 C?{;;x
Cyy = Qe Or
Diagonal symmetry in the elastic constants requires that O‘”:J = CLJ',;

(L5475 ). In applying the above cquations to a shell, the o« and [?

directions correspond fo the principle directions on the surface while
¥ is measured normal to the surface,

In first order theory, the constitutive cquations involve only six

stress resultants, The relation between the transverse shear stress

resultants and the corresponding strain is suppressed since first order
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theory negates the existence of transverse shear strains,  Thus, the

stress resultant deformation equations are given asy

I‘(&’X = s._v..g'.,.. e (9\ Lhmees ‘of_cu U, d ™ ¢ 3>
QG- 2 ) /Z (C’n ez Ry )

“Qrf"eﬁrﬂ ot =— ‘?

/\"'//'L__‘:: = 53 (Ull :\[3 d CII? ‘}\ ()

fi i e o i e o e 4

12 (G Gog— O

G Gy

In these expressions, & is the shell thickness, /<c{ and /\",_r; the
middle surfacc curvature changes in the « and (# directions,
respectively, and 7 is the twist of the middle surface,

Since there are only four independent c],a,s.tic constants bhut six
independent stress resultants, then only four of the six stress resultants
can be made to cornply with the stress resuliants of the stilfencd shell,
However, the choice of the four to be used is not completely arbitrary.
Note that the constantCeeappears only in the membrance shear force
and twisting moment. Thus, only ‘1,wo of these stress resullants can be
made to cornply with those of the corresponding stiffencd shell.

If the shcll reinforcement is of an atitached type, then a stress
resullant compliance based on first order shell theory may yield
satisfactory results, However, the degree of satisfaction will depend
greatly on the inefficiency of the atioching mediuin in making the
reinforcement an integral part of the shell, As an example, consider a

rib stiffened shell where the ribs are attached to the shell by means of



rivets or some other similar device. If the r»ib atiaching device is

such ag to allow some relative motion between the vib and the shell in

a dircction tangent to the shell surface, then the effects of the rib
membrane forces on the shell stress condition will be small and hence
the ribs will be used to resist only bending and twisting moinaents,  Undex
‘these circumstances, a stress resultant cormnpliance may be {found by
cquating the bending and twisting moment stress resultants of the intrin-
sically and structurally orthotropic shells.

3b. Compliance Analysis for a Rib-Stiffened Shallow Cylindrical

Panel by Mecans of an Fnergy Criteria

In the literature survey of stiffened plate analysis, it had been
noted that Huffington (5) (6) (V) succeeded in analyzing a rib stiffened
plate by compliance means using an energy criteria. Furthermore,
Huffington's work contfained equations relating the orthotropic bending
rigidities to the stiffener effects. The equations were stated in terms

nd hence were applicable to any

I3

of the two dimensional stress function
rib stiffener configuration,

The shallow shell represents the simplest transition from & plate
to a shell, As a consequence, it is relatively simple to identify those
terms which arisce becausc of the curvaturc of the sheil and hence do
not appear in the plate formulation., Thus in comparing the shallow shell
displacement equations with the corresponding plate eguation, it is

found that the former contain tangential middle surface displacement

components not found in the latter, ¥urther, the conditions of equilibrium



in directions tangent to the middle surface are not identically satisficd
for the shell as they are in the plate. The nct result is that the shallow
shell displacement formulation contains three equations while the plate
formulation contains but one equation. The additional two equations of
the shell formulation represent the curvature manifestation of in-plane
or membrane forces which together with the bending rigidities of the
shell rcsist external loading.

The bending rigidities of a shallow shell are not affected by the
curvatures. As noted in the previous paragraph, the curvatures
primarily manifest themselves through the inclusion of membrane forces.
If the shell is sufficicntly shallow, the bending rigidities of a reinforced
or intrinsically orthotropic shell segment should differ but by a small
amount {rom the corresponding bending rigidities of a plate, FHence
there should exist a range of values of shell shallowness for which
Huffington's plate compliance equations will be dircctly applicable to the
shell,

The purposc of the rescarch work reported in this section is to
deterinine the applicability of Iluffington's plate compliance equations
to shallow shell configurations. A rib-stiffecned shallow cylindrical
pancl as shown in Fig. 1 is subjected to a uniforin pressurec and to
simply supported boundary conditions. The dimensions of ‘he panel and
the rib reinforcements are held {ixed but the shallowness of the shell is
varied by varying the radius of the panel, The above pancl is solved for
the maximum normal deflection vsing Iuffingtons compliance equations

for the bending rigidities associated with an intrinsically orthotropic
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shallow cylindrical panel of the same geometric configuration, the
same boundary conditions and subjccted to the same external load as
the stiffened pancl. In order to gain some idea of the accuracy of the
results, solulions obtaincd from a set of equations presented by Flugee

for the same rib-stiffened problem arce compared to the results obtained

by the compliance analysis.

Huffington's work is concerned with plate analysis. In the absence
of in-plane external or boundary loads, the load carrying capacity of the
plate is solely determined by the bending rigidities. Thus Huffington's
compliance equations, which are applicable only to the bending rigidities,
completely define compliance analysis for plates., In a shallow shell,
terms additional to thosc found in the plate equations arise because of
the presence of membrane forces, Unlike the plate, these {orces exist
whether or not the external Joading is or is not normal to the shell
surface. Hence, the membranc forces and their effect form an integral
part of shell analysis.

In the orthotropic shallow shell equations, groupings of orthotropic
elastic constants prefix the various differential terms. Certain of the
groupings arc identified as the shell bending rigidities and the compliance
of these groups to the shell stiffencrs is accomplished by Huffingtons
cquations. Howecver, other groupings of the elastic constants prefix
terms which can be directly related to the membrane effects. As such,
for convenience of expression, these groupings may be termed membrane
rigiditics., Since plate analysis does not contain the membranc cffects,

then there does not exist any compliance equation derived from plate
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analysis which relate the membrane rigiditics to the stiffencrs,

The solution of the rib-stificned cylindrical panel by compliance

means necessitated the determination of the membrance rigidities. Threc

possible expressions for the complidnce of the membrane rigidity terms

to the stiffeners were investigated., These expressions were based on

three possible principles given as follows:

(1)

(ii)

Consistent Definition

The membranc stiffeners coefficients are groupings of elastic
constants and the bending stiffecners are also groupings of the
same elastic constants, Hence, as might be expected,

knowing onc set of stiffencrs, the other sct may be derived,
~in-fact, -the iwe.sets-of stifficners are proportional to cach other,

_ 5
the constant of proportionality being /;z , where & s
the shell thickness, Letting O4; be the stiffeners associated

with bending and Cij the stiffeners associated with bending. Then

oo 5P el
By = 5 ¢4

Incrcased Area Effc«_:t

The principle behind the' secox;d possibility is that the stiffeners
increase the arca of the shell resisting membrane forces. As

a consequence, this increase in areca should cause a correspond-
ing decrease in the membrane forces. Hence, the compliances
of the membranec rigidities should be based solely on the effect

the stiffeners have on the cross sectional arca of the shell,



This method of dealing with the membranc stiffencr cffccts
is used by F].liggc in dcriving his rib-stiffened cylindrical
pancl equations., So far as the present rescarch effort is
concerned, it has the disadvantage in that it separates
bending and membrane rigi‘ditios into the separate and non-
connected arcas. It also destroys the identity of the
individual elastic constants which compose the two rigiditics.

(ii1)  Isotropic Effcct

The third possibility is that the stiffeners have no effect on

the membrane rigidities. Hence, the shell bebaves as an
isotropic unstiffened member so far as membrane effects are
céncerned. For extremely shallow:-shells, such an an aésump-- -
tion is justified in that the membrane rigidities are

insignificant in affecting the load carrying capacity of the
structuve, lowever, when the shallowness of the shell
decreases and the structure becomes identifiable as a

curved panel, then the neglect of the stiffener on the membrane
rigidity becomes questionable.

Each of the three conditions had been used in the shallow shell
compliance equations., The results are depicted in Fig, 2 and the details
of the analysis are contained in a Master of Scicnce thesis (13). Because
the bending and membrane rigidities would be varied, each of the curves
arc identified by mecans of threc lztters, The {first letter indicates the

formulation being utilized, Thus V stands for the displacement cquations
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first derived by Vlasov for an isotropic media and then extended by

Kozik to an orthotropic material. These cquations are given in the
report in scection 2a, “The F stands for the equations given by Flugge

for a rib stiffecned pancl. The second letter stands for the membranece
rigidities being used. Thus I stands for the isotropic rigiditics, that is,
not taking into account the stiffener effccts on the membrane forces., The
¥ stands for the membrane rigidities given by Fl't'lgge and the O stands for
the membrane rigidities that arc derived from Hulfington's bénding
rigiditics. The third letter indicates the manner in which the bending
rigiditics had been calculated, The H, I and F {ollow the same code as

used for the mernbrane rigidities,

The resulfs indicafé TEaTthere does exist a rangc of shell shallow-
ness wheredn Huffington's plate compliance equations are appropriate for
shell compliances., The results also indicate the pronounced effect the
bending rigidities have in decreasing the maximum deflection from the
value found in the isotropic case., 1f Flugge's results arc accepted as
being reasonable approximations to the three deflections expericnced in
the reinforced panel, then the curves also indicate that the intrinsically
orthotropic panel equations with the bending rigidities as given by
Huffington and isotropic membrane rigidities closely approximate the
deflection of the rib stiffened pancl, Note that the use of o:thotropic
membrane rigidities results in significantly lower values of deflection

than experienced {from Fligge's analysis,
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